In this paper, we generalize the concepts of a new integral transform, namely the Sumudu transform, to distributions and study some of their properties. Further, we also apply this transform to solve onedimensional wave equation having a singularity at the initial conditions.
Introduction
The differential equations have played a central role in every aspect of applied mathematics for a very long time and with the advent of the computer, their importance has increased further. Thus, investigation and analysis of differential equations arising in applications led to many deep mathematical problems; therefore, there are so many different techniques in order to solve differential equations.
In the literature, there was no systematic way to generate partial differential equations (PDEs) with variable coefficients by using the equations with constant coefficients. However, most of the PDEs with variable coefficients depend on the nature of particular problems. Recently, Kılıçman and Eltayeb [8] introduced a new method to produce a PDE having polynomial coefficients by using the PDEs with constant coefficients and they studied the classification of the new PDEs with variable coefficients. Later, the same authors extended this setting [10] to the finite product of convolution of hyperbolic and elliptic PDEs.
In order to solve the differential equations, the integral transforms were extensively used and thus there are several works on the theory and applications of integral transforms such as the Laplace, Fourier, Mellin, and Hankel, to name but a few. Recently, Watugala [14] introduced a new integral transform, named the Sumudu transform, and further applied it to the solution of ordinary differential equations in control engineering problems. The properties were established in [1] , and subsequently applied to PDEs [11, 14] .
The single Sumudu transform is defined over the set of the functions
and the double Sumudu transform is defined by
where f (t, x) is a function that can be expressed as a convergent infinite series [13] . Similarly, the double Laplace transform is defined by
where x, t > 0 and p, s have complex values, [15] . It is also well known that a differential equation along with the initial values or boundary conditions can be represented by an integral equation and then by using this integral representation, it becomes possible to solve the problems. However, if the integral is divergent, it is difficult to find the solution by using the integral transform; even it is more difficult to solve if the initial and boundary conditions are singular [3] .
In order to give some partial treatments for these kinds of problems, the idea of defining singular integral as generalized functions was introduced by Estrada and Fulling [3] . In fact, the singular integral was also used to define the incomplete Gamma function [4] . Recently, the authors extended the work of Estrade to two dimensions and applied the results in order to solve the non-homogeneous wave equation with convolutional term by using the generalized functions as boundary conditions [9] .
In this study, our aim is to extend the Sumudu transformation to the classes of distributions by using the singular integrals. In order to extend the definition of the single Sumudu transform to a distribution f, we consider its support to be bounded on the left of zero and write it as
We examine this relation by assuming that a real number 1/ω such that e −t/ω f (t) is a distribution belonging to S (the class of tempered distributions) [16] . Then, we can rewrite (1) as
where Note that with this definition, we assume that all the distributions belonging to W have the Sumudu transformF
for real 1/u ∈ (1/ω, ∞). This follows from the relation
the right side of which is finite for Re 1/u > 1/ω, and from the fact that e −t/u f (t) ∈ W. Since (t η ) + ∈ W , it is easy to see that the Sumudu transform of the function f (t) = (t η ) + = H(t)t η exists and is given by
,
Similarly, if we consider the regular distribution f (t) = H (t) ln(t) [6], then it follows that
Note that the term δ(t) ln(t) in Equation (4) has no meaning in the classical sense and we interpret it as a distributional product. The Sumudu transform of f (t) = H (t) ln(t) with respect to t becomes
where γ is Euler's constant [7] .
For the second part of the above example, let us give some concept for the Sumudu transform of distributions as follows: the Sumudu transform of the first derivative of F(u) is given by
If we consider the function
where a > 0 and g 1 (t) and g 2 (t) are continuously differentiable function, then the classical derivative f (t) of (6) is
for all t = a, while the distributional derivative is
where
The Sumudu transform of (7) is
where we have written f (0) for g 1 (0). Now, the Sumudu transform of (8) is given by
First of all, if we now write a = 0 in Equation (6), we have
t)H (t).
Then for t > 0, we havē
For the function f (t) that has support only for positive values of t, so that f (0 − ) = 0, Equation (11) becomes
Now, we can easily consider the Sumudu transform of the second part of the equation in (4) with respect to t and obtain
Further, if we now consider the Sumudu transform of the derivative of the convolution of two functions f (x) and g(x), we can easily prove that
and the Sumudu transform is given by
For the general properties of the Sumudu transform of special functions, we refer to [12] . Let f be a locally integrable function on R. We shall say that f is convergent (rather than integrable) if there is a constant k such that, for each infinitely differentiable function ω,
exists and equals kω(0) when λ tends to infinity; thus, we use the notation
Now, if f (t) = 0 for t < 0, then the integral follows
for any infinitely differentiable functions ω such that ω(0) = 1.
Proposition 1 Let f be a distribution that vanishes below, then if f is Sumudu transformable, then so is f , dom S[f ] ⊂ dom S[f ] and
Proof Suppose that ζ u f = e −t/u f is convergent and ω ∈ D 0 = {w: w differentiable and w (0) = 0}. Then,
for all infinitely differentiable functions ω. Now
Now we consider the integral
If the limit exists as λ → ∞, then the first term on the right-hand side tends to u −2 ω(0) f, e −t/u , while the second term tends to zero since u −1 ω (0) f, e −t/u = 0. Hence, ζ u f is summable.
In particular, if we let f (t) = H (t)/ √ t, then the generalized derivative f of f is not a locally integrable function. However, it follows that the Sumudu transform of f is
Also, the domain of S[f ] contain the interval (0, ∞) and thus we have
More generally, if P(D) is any polynomial in D, then Sumudu transform of P(D)f is given by

S[P (D)f ] = P (u)S(f )(u).
Theorem 1 Let f and g be distribution in W . Then, f * g is a distribution in W and the Sumudu transform of the convolution is given by
S[f * g] = uF (u)G(u).
Proof For u ∈ C, we have
It follows that
For fixed ζ , the complex number e −ζ /u does not depend on t. Thus, we have
and it follows
which is the desired result.
Note that the result is also true for the double convolution. That is, if the double convolution of f (t, x) and g(t, x)
exists, then it satisfies the exchange formula
Similarly, the double Sumudu transform of derivative of double convolutions is given by
Sumudu transform and partial derivatives
In this section, we apply the double Sumudu transform to second-order partial derivatives. It is easy to see that the single Sumudu transform of the delta function is given by
and the single Sumudu transform of the derivative of the delta function is given by
Further, the partial derivatives with respect to x and t are given by
where S n means the multiple Sumudu transform in n dimensional space. Now consider we have the following function
This function can be written in the following form
where a > 0 and b > 0 and g 1 , g 2 are continuously differentiable functions. It easily follows that the classical partial derivative with respect to t is given by
Similarly, if we take the partial derivative of (19) with respect to x, we obtain
The second partial derivative with respect to x is given by
and the second-order partial derivative of f (x, t) with respect to t is given by
for all x = a and t = b.
The generalized partial derivative, denoted byf x , of Equation (18) with respect to x is as follows
Taking the Sumudu transform of (28) with respect to t leads to the double Sumudu transform as follows:
Similarly, we have
since g 1 , g 2 ∈ C 1 . In particular, if a = b = 0, then the double Sumudu transform for Equation (30) gives the secondorder partial derivatives in the classical sense as
Similarly, the double Sumudu transform of (22) with respect to x, t is given by
Similarly, if we consider the particular case a = b = 0 for the classical double Sumudu transform, we get
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Finally, the double Sumudu transform of the mixed partial derivatives given by (9) is obtained as follows:
For a = b = 0 and x, t > 0, Equation (33) becomes
An application of Sumudu transform for PDEs
Since the Sumudu transform is a convenient tool for solving differential equations in the time domain, without the need for performing an inverse Sumudu transform [5] , we apply this transform in the next section to solve the wave equation.
Example 1 Let us consider the non-homogenous wave equation in the form
We note that all the initial conditions have a singularity at
It is easy to see that the non-homogenous term of Equation (36) If we now apply the double Sumudu transform with respect to x for f xx , we get the double Sumudu transform in the form
Similarly, the double Sumudu transform of f tt is given by
and the single Sumudu transform for the initial conditions is given by
where u, v are the transform variables for x, t, respectively. On using Equations (39)-(41) and after some rearrangements, we obtain
In order to obtain the inverse of Equation (42), we use the following formula [12] : We then obtain the symbolic solution of Equation (36) 
Remark 1
We note that a very interesting fact about Sumudu transform is that the original function and its Sumudu transform have the same Taylor coefficients except a factor n!. Thus if f (t) = ∞ n=0 a n t n then F (u) = ∞ n=0 n! a n t n [17] . This idea can easily be extended to the several variables case. Similarly, the Sumudu transform sends combinations, C(m, n), into permutations, P(m, n), and hence it will be useful in the discrete systems. Further, Laplace and Sumudu transforms of the Dirac delta function and the Heaviside function satisfy the following equations: Thus, we further note that since many practical engineering problems involve mechanical or electrical systems that are represented by discontinuous or impulsive forcing terms, the Sumudu transform can be effectively used to solve ordinary differential equations as well as partial differential equations in engineering problems ( [2, 11] ).
